On the weight hierarchy of product codes

Conchita Martínez-Pérez^∗ Departamento de Matemáticas

Universidad de Zaragoza 50009 Zaragoza, Spain conmar@posta.unizar.es

Wolfgang Willems Fakultät für Mathematik Otto-von-Guericke-Universität D 39106 Magdeburg, Germany wolfgang.willems@mathematik.uni-magdeburg.de

Abstract Let V and W be codes and let C = V � W be the product code of V and W . In [6], Wei and Yang conjectured a formula for the generalized Hamming weights of V � W in terms of those of V and W provided that both V and W satisfy the chain condition. Recently the conjecture has been proved by Schaathun in [4]. In this paper we generalize the formula to a product code with more than two components.

Keywords Product code, weight hierarchy, chain condition.

I. INTRODUCTION Throughout the paper all codes are linear and defined over the finite field K. For v = (x_1, . . . , x_n) ∈ K^n we define the support of v by

supp v = {i | x_i ≠ 0}

and for X ⊆ K^n we put supp X = ⋃ v∈X supp v.

If D is a subcode of the linear code C we write D ≤ C and D < C in case D is a proper subspace of C. The weight hierarchy of an [n, k] code C is the sequence (d_1, . . . , d_k) where

d_r = d_r(C) = min{| supp D | | D ≤ C, dim D = r}.

In particular d_1 = d. For convenience we also set d_0 = 0. One says that C satisfies the chain condition if there exists a sequence

C_1 < C_2 < · · · < C_k = C

�This work was done while the author was visiting the University of Magdeburg. She wishes to thank the Department of Mathematics for his kind hospitality and the Caja de Ahorros de la Inmaculada for financial support.

of subspaces C_r of C with | supp C_r | = d_r for r = 1, . . . , k. Note that many good codes satisfy the chain condition; for instance, Hamming codes, Simplex codes, Reed-Muller codes, MDS codes, extended Golay codes (see [6]). But, and that is more of theoretical interest, most codes do not satisfy the chain condition (see [2]).

Now let V^i be [n_i, k_i] codes for i = 1, . . . , t. The product code C of the V^i’s is defined as the tensor product V^1 ⊗ . . . ⊗ V^t. The problem in which we are interested is the following: Can one compute the weight hierarchy of C from knowledge of the weight hierarchies of the components V^i?

For t = 2 Wei and Yang defined in [6] the expression

d^∗_r(V^1 ⊗ V^2) = min k1∑ i=1 (d_i(V^1) − d_{i−1}(V^1))d_{ti} (V^2)

where the minimum is taken over all sequences (t_i) with 0 ≤ t_{k1} ≤ · · · ≤ t_2 ≤ t_1 ≤ k_2 and ∑_{k1} i=1 t_i = r ≤ k_1k_2.

In the same paper the authors proved that

d_r(V^1 ⊗ V^2) ≤ d^∗_r(V^1 ⊗ V^2)

for all r = 1, . . . , k_1k_2 if both V^1 and V^2 satisfy the chain condition and they conjectured that even equality holds true.

For small r’s, i.e. r ≤ 4, the conjecture was verified by Barbero and Tena in [1] and recently in full generality by Schaathun in [4]. More precisely he proved that

d^∗_r(V^1 ⊗ V^2) ≤ d_r(V^1 ⊗ V^2)

always holds true, i.e., without assuming any chain condition. Furthermore, in [3], Helleseth and Kløve computed d^∗_r for the tensor product of some codes which satisfy the chain condition. Thus their formula for d^∗_r describe exactly the weight hierarchy.

In this paper we generalize the Wei-Yang formula to a product code with an arbitrary number t of components. In order to do that we need the following definition.

Let t, r and k_i (i ∈ {1, . . . , t}) be positive integers. We put M_t := {i = (i_1, . . . , i_{t−1}) | 1 ≤ i_j ≤ k_j, 1 ≤ j ≤ t − 1} for t > 1 and M_1 = {0}. A function τ : M_t → {0, 1, . . . , k_t} is called a (k_1, k_2, . . . , k_t)- partition of r if

(i) Σ_{i∈Mt} τ(i) = r and (ii) τ is a decreasing function in each coordinate, i. e. τ((i_1, . . . , i_j, . . . , i_{t−1})) ≤ τ((i_1, . . . , i_j − 1, . . . , i_{t−1})) for j = 1, . . . , t − 1 and i_j > 1. Now let V^i be [n_i, k_i] codes for i = 1, . . . , t. For a (k_1, . . . , k_t)-partition τ of r we define

O(τ) = Σi∈M_t Π^{t−1}_{j=1}(di_j (V^j) − di_j −1(V^j))dτ(i)(V^t).

Note that this formula specializes to the Wei-Yang formula for t = 2. With the notation above we can now state our main result. Theorem If each of the codes V^1, . . . , V^t satisfies the chain condition, then

d_r(V^1 ⊗ . . . ⊗ V^t) = min {O(τ) | τ a (k_1, . . . , k_t)-partition of r}.

This result and [4] finally led to

d_r(V^1 ⊗ . . . ⊗ V^t) ≥ min {O(τ) | τ a (k_1, . . . , k_t)-partition of r}

for arbitrary codes V^i, i.e., for codes V^i which do not necessarily satisfy the chain condition. A proof will be provided in a forthcoming paper of Schaathun and the second author ([5]).

In order to prove the Theorem one might try to use induction based on the affirmative answer to the Wei-Yang conjecture. It turns out that such an approach does not apply since the product code of two codes satisfying the chain condition usually fails to satisfy the chain condition as the example at the end of this paper shows.

II. PRELIMINARIES First, we prove some results about product codes with two components which we will need in the next section.

Let C = V ⊗ W denote the tensor product of V and W where V is an [n, k] code and W is an [m, l] code. If

(y_1, . . . , y_m)^t(x_1, . . . , x_n) = y_1 . . y_m (x^1, . . . , x^n) = (y^ix^j)i=1,..,m j=1,..,n

denotes the dyadic product of w = (y_1, . . . , y_m) and v = (x_1, . . . , x_n), then C can be represented by C = ⟨w^tv | v ∈ V, w ∈ W ⟩, i.e., the elements of C are matrices of type (m, n), where the rows are elements of V and the columns are elements of W .

For x ∈ C we denote by π^C_j (x) (j = 1, . . . , n) the j-th column and by π^R_i (x) (i = 1, . . . , m) the i-th row of x. If D is a subset of C we put π^C_j (D) = {π^C_j (x) | x ∈ D} ⊆ W and π^R_i (D) = {π^R_i (x) | x ∈ D} ⊆ V. Furthermore, let ρ^C_j (D) = {x ∈ D | π^C_j (x) = 0} and ρ^R_i (D) = {x ∈ D | π^R_i (x) = 0}. For any vector v and 1 ≤ s ≤ length(v) we denote by v_{(s)} the s-th coordinate of v. Lemma 1. Let C = V ⊗ W . If W_{(s)} = {w ∈ W | w_{(s)} = 0} then ρ^R_s (C) = V ⊗ W_{(s)}. Proof. If W_{(s)} = W , the assertion is obvious. So we may assume that W = ⟨w⟩ ⊕ W_{(s)} for some w ∈ W \ W_{(s)}. Let x ∈ ρ^R_s (C). Since V ⊗ W = V ⊗ ⟨w⟩ ⊕ V ⊗ W_{(s)}, we may write x = y + z with y = v ⊗ w (v ∈ V ) and z ∈ V ⊗ W_{(s)}. Obviously π^R_s (V ⊗ W_{(s)}) = 0, hence

0 = π^R_s (x) = π^R_s (y) ⊕ π^R_s (z) = π^R_s (y) = π^R_s (v ⊗ w).

Now, as w ∉ W_{(s)} we obtain v = 0, therefore x = z ∈ V ⊗ W_{(s)} and the assertion of the lemma follows since V ⊗ W_{(s)} ≤ ρ^R_s (C). q.e.d.

From now on we suppose that V satisfies the chain condition, i.e., there exists a chain V_1 < V_2 < . . . < V_k = V such that d_r(V ) = | supp V_r | for r = 1, . . . , k. We put V_0 = 0. No assumption is made w.r.t. chain condition for the space W .

The next result is fundamental in what follows. Essentially, it asserts that, when looking for r-subspaces of V ⊗ W of minimum support, we only have to look at subspaces of a very special kind.

Proposition 2. Let D ≤ V ⊗ W . Then there exists a basis of W , say W = {w_1, . . . , w_l} and integers 0 ≤ α_i ≤ k (i = 1, . . . , l) such that for D̄ = V_{α1} ⊗ w_1 ⊕ . . . ⊕ V_{αl} ⊗ w_l the following conditions hold.

(i) dim D = dim D̄ and (ii) | supp π^R_i (D̄) | ≤ | supp π^R_i (D) | for 1 ≤ i ≤ m.

In particular, we have | supp D̄ | ≤ | supp D |. Moreover, if D_1, . . . ,D_h are subspaces of V ⊗W , and D̄_i is a space obtained from D_i by the previous construction for i ∈ {1, . . . , h}, then | supp(D̄_1 + . . . + D̄_h) | ≤ | supp(D_1 + . . . + D_h) |.

Proof. First we prove the existence of D̄ with the properties (i) and (ii). We argue by induction on l. For l = 1 the assertion is obvious. For i ∈ {1, . . . , m}, let r_i = dim π^R_i (D). Furthermore let s be an index such that r_s = min{r_i : i ∈ {1, . . . , m}, r_i ≠ 0}. Such an s exists since we may assume that D is not the nullspace.

Since r_s ≠ 0 and dim D = dim π^R_s (D)+dim ρ^R_s (D) = r_s +dim ρ^R_s (D), we have ρ^R_s (D) < D. Thus there exists x ∈ D with π^R_s (x) ≠ 0. Hence there is a t ∈ {1, . . . , n} such that 0 ≠ (π^C_t (x))_{(s)} which is the s-th coordinate of the column vector π^C_t (x). Let w = π^C_t (x). Clearly, w ∈ W \ W_{(s)} and therefore W_{(s)} < W . By Lemma 1, we have ρ^R_s (C) = V ⊗ W_{(s)} and we may apply the inductive hypothesis to

ρ^R_s (D) ≤ ρ^R_s (C) = V ⊗ W_{(s)}.

We deduce that there exists a basis W_{(s)} = {w_2, . . . , w_l} of W_{(s)} and integers 0 ≤ α_i ≤ k (i = 2, . . . , l) such that for ρ^R_s (D) = V_{α2} ⊗ w_2 ⊕ . . . ⊕ V_{αl} ⊗ w_l we have dim ρ^R_s (D) = dim ρ^R_s (D) and | supp π^R_i (ρ^R_s (D)) | ≤ | supp π^R_i (ρ^R_s (D)) | for i ∈ {1, . . . , m}. If w_1 = w which we have fixed above, then {w_1, w_2, . . . , w_l} is a basis of W (note that w_1 ∈ W \ W_{(s)}). We put α_1 = r_s = dim π^R_s (D) and

D̄ = V_{rs} ⊗ w ⊕ ρR_s (D) = V_{α1} ⊗ w_1 ⊕ ρR_s (D).

Thus D̄ has the form as desired and dim D̄ = dim V_{rs} + dim ρ^R_s (D) = r_s + dim ρ^R_s (D) = = dim π^R_s (D) + dim ρ^R_s (D) = dim D.

It remains to show that | supp π^R_i (D̄) | ≤ | supp π^R_i (D) | for 1 ≤ i ≤ m.

To prove this we use π^R_i (D̄) = π^R_i (V_{rs} ⊗ w) + π^R_i (ρ^R_s (D)) and distinguish two cases. Case π^R_i (D) = 0: We have w_{(i)} = (π^C_t (x))_{(i)} = (π^R_i (x))_{(t)} = 0.

Thus π^R_i (V_{rs} ⊗ w) = 0. As

0 ≤ | supp π^R_i (ρ^R_s (D)) | ≤ | supp π^R_i (ρ^R_s (D)) | ≤ | supp π^R_i (D) | = 0, we are done.

Case π^R_i (D) ≠ 0: Observe that π^R_i (D̄) = π^R_i (V_{rs} ⊗ w) + π^R_i (ρ^R_s (D)) =

= π^R_i (V_{α1} ⊗ w_1) + π^R_i (V_{α2} ⊗ w_2) + . . . + π^R_i (V_{αl} ⊗ w_l). Furthermore note that supp π^R_i (V_{αj} ⊗ w_j) = { supp V_{αj} , if (w_j)_{(i)} ≠ 0 0, otherwise.

Since the spaces V_{αj} are members of a chain which defines the chain condition for V , we obtain

| supp π^R_i (D̄) | = max {| supp π^R_i (V_{rs} ⊗ w) |, | supp π^R_i (ρ^R_s (D)) |}. Furthermore we have | supp π^R_i (ρ^R_s (D)) | ≤ | supp π^R_i (ρ^R_s (D)) | ≤ | supp π^R_i (D) |, and since 0 ≠ dim π^R_i (D) = r_i ≥ r_s, we also have | supp π^R_i (V_{rs} ⊗ w) | ≤ d_{rs} (V ) ≤ | supp π^R_i (D) | .

From this we deduce

| supp π^R_i (D̄) | ≤ | supp π^R_i (D) | .

So far we have proved (i) and (ii). Finally we get

| supp D̄ | = Σ^m_{i=1} | supp π^R_i (D̄) | ≤ Σ^m_{i=1} | supp π^R_i (D) | = | supp D | . So we are left with the last claim. We proceed by induction on dim D_1 + . . . + dim D_h to prove that for i ∈ {1, . . . , m}, | supp π^R_i (D̄_1 + . . . + D̄_h) | ≤ | supp π^R_i (D_1 + . . . + D_h) | .

Clearly, we may assume that dim D_1 ≠ 0. Let D̄_1 = V_{α1} ⊗ w ⊕ ρ^R_s (D_1) be a space obtained by the previous construction. Note that dim ρ^R_s (D_1) + dim D_2 + . . . + dim D_h < dim D_1 + . . . + dim D_h.

Thus by the induction hypothesis we have

| supp π^R_i (ρ^R_s (D_1) + D̄_2 + . . . + D̄_h) | ≤ | supp π^R_i (ρ^R_s (D_1) + D_2 + . . . + D_h) | for i ∈ {1, . . . , m}. Now, let i ∈ {1, . . . , m}. We distinguish again two cases. If π^R_i (D_1) = 0, then w_{(i)} = 0. Therefore we obtain

| supp π^R_i (D̄_1 + D̄_2 + . . . + D̄_h) | = | supp π^R_i (ρ^R_s (D_1) + D̄_2 + . . . + D̄_h) | ≤ | supp π^R_i (ρ^R_s (D_1) + D_2 + . . . + D_h) | ≤ | supp π^R_i (D_1 + . . . + D_h) |.

If π^R_i (D_1) ≠ 0 then a similar reasoning as in the first part of the proof yields | supp π^R_i (D̄_1 + D̄_2 + . . . + D̄_h) | = | supp π^R_i (V_{α1} ⊗ w ⊕ ρ^R_s (D_1) + D̄_2 + . . . + D̄_h) | = max{| supp π^R_i (V_{α1} ⊗ w) |, | supp π^R_i (ρ̄^R_s (D_1) + D̄_2 + . . . + D̄_h) |}.

First note that

| supp π^R_i (ρ^R_s (D_1) + D̄_2 + . . . + D̄_h) | ≤ | supp π^R_i (ρ^R_s (D_1) + D_2 + . . . + D_h) | ≤ | supp π^R_i (D_1 + . . . + D_h) | .

Secondly, since π^R_i (D_1) ≠ 0, we also have

| supp π^R_i (V_{α1} ⊗ w) | ≤ | supp π^R_i (D_1) | ≤ | supp π^R_i (D_1 + . . . + D_h) | .

Thus the claim follows. q.e.d.

To extend the statement of Proposition 2 to products of t codes we need the following technical lemma.

Lemma 3. Let U be any code, not necessarily chained, and let D ≤ U ⊗W be a subspace of the form

D = U_1 ⊗ w_1 ⊕ U_2 ⊗ w_2 ⊕ . . . ⊕ U_l ⊗ w_l with {w_1, . . . , w_l} a basis of W and U_i ≤ U. Assume that there are subspaces Ū_i ≤ U with dim Ū_i = dim U_i and | supp(Ū_{i1} + Ū_{i2} + . . . + Ū_{ip} ) | ≤ | supp(U_{i1} + U_{i2} + . . . + U_{ip} ) | for any i_1, . . . , i_p ∈ {1, . . . , l}. If B(D) = Ū_1 ⊗ w_1 ⊕ Ū_2 ⊗ w_2 ⊕ . . . ⊕ Ū_l ⊗ w_l,

then dim B(D) = dim D and | supp B(D) | ≤ | supp D |. In particular, if U = V is chained, we may take Ū_i = V_{αi} for α_i = dim U_i.

Proof. The assertion on the dimension is trivial. Furthermore we have | supp B(D) | = ∑_m j=1 | supp π^R_j (B(D)) | = ∑_m j=1 | supp Σ^l_{s=1}(w_s)_{(j)}Ū_s | ≤ ≤ ∑_m j=1 | supp Σ^l_{s=1}(w_s)_{(j)}U_s | = ∑_m j=1 | supp π^R_j (D) | = | supp D | .

In case when U = V is chained it suffices to observe that the subspaces Ū_i = V_{αi} satisfy the assumptions. q.e.d.

III. GENERAL PRODUCT CODES From now on we consider [n_i, k_i] codes V^i (i ∈ {1, . . . , t}) and assume that all of them satisfy the chain condition. Let V^i = {v^i_1, . . . , v^i_{ki} } be a basis of V^i such that | supp⟨v^i_1, . . . , v^i_r⟩ | = d_r(V^i) (r ∈ {1, . . . , k_i}). Definition 4. Let D ≤ V^1 ⊗ . . . ⊗ V^t. We say that D is normal if it is generated by elements of V^1 ⊗ . . . ⊗ V^t = {v^1_{i1} ⊗ . . . ⊗ v^t_{it} | v^j_{ij} ∈ V^j for j = 1, . . . , t} and it satisfies the following property:

Whenever v^1_{i1} ⊗ v^2_{i2} ⊗ . . . ⊗ v^t_{it} ∈ D then v^1_{j1} ⊗ v^2_{j2} ⊗ . . . ⊗ v^t_{jt} ∈ D

for all j_l with 1 ≤ j_l ≤ i_l (l ∈ {1, . . . , t}).

Proposition 5. Let D be any subspace of C = V^1 ⊗ . . . ⊗ V^t. Then there exists a normal D̄ ≤ C with (i) dim D = dim D̄ and (ii) | supp D̄ | ≤ | supp D | . Proof. We first apply Proposition 2 to D with respect to V = V^1 ⊗ . . . ⊗ V^{t−1} and W = V^t. (Note that here and in the following the space W satisfies the chain condition, so the properties of V and W in Proposition 2 are changed.) We obtain D̄ ≤ C with dim D̄ = dim D and | supp D̄ | ≤ | supp D |. Moreover D̄ is generated by elements of B^{t−1} ⊗ V^t for a suitable basis B^{t−1} of V^1 ⊗ . . . ⊗ V^{t−1}. Next, we use both Proposition 2 and Lemma 3 to obtain inductively subspaces B^s(D) for s = t − 1, t − 2, . . . , 1 generated by elements of B^s ⊗ V^{s+1} ⊗ . . . ⊗ V^t for some subset B^s of V^1 ⊗ . . . ⊗ V^s such that dim B^s(D) = dim D and | supp B^s(D) | ≤ | supp D |. We proceed as follows: Let B^{t−1}(D) = D̄. If for 3 ≤ s ≤ t − 1 the space B^s(D) has already been constructed then we may write B^s(D) = U_1 ⊗ x_1 ⊕ . . . ⊕ U_{n1...ns}�_1 ⊗ x_{n1...ns}�_1 where the elements x_i are in V^{s+1}⊗. . .⊗V^t and the subspaces U_i are contained in V^1⊗. . .⊗V^s. Let Ū_i denote a subspace obtained from U_i by applying Proposition 2 with V = V^1 ⊗ . . . ⊗ V^{s−1} and W = V^s. Thus Ū_i = U_{i1} ⊗ y_1 ⊕ . . . ⊕ U_{ins} ⊗ y_{ns} with U_{ij} ≤ V 1 ⊗ . . . ⊗ V s−1 and y_j ∈ Vs. Now, we put B^{s−1}(D) = ⨁ i, j Uij ⊗yj ⊗xi. By the second part of Proposition 2 and Lemma 3 we obtain

dim B^{s−1}(D) = dim B^s(D) = dim D and | supp B^{s−1}(D) | ≤ | supp B^s(D) | ≤ | supp D |. If we have constructed B^2(D) then the subspaces U_i are in V^1 and to get B^1(D) we can take as Ū_i the subspace of the chain of V^1 of the same dimension as U_i. Note that the subspace B^1(D) is generated by elements of V^1 ⊗ . . . ⊗ V^t. Furthermore, dim B^1(D) = dim D and | supp B^1(D) | ≤ | supp D |.

Now, we will construct a normal subspace N(D) of C with the properties as stated in the Proposition. Again, our construction is inductive. For each s = 1, . . . , t we define a subspace N^s(D) with dim N^s(D) = dim D and | supp N^s(D) | ≤ | supp D | as follows: We put N^1(D) = B^1(D). If N^{s−1}(D) has already been constructed we define N^s(D) as the subspace obtained from N^{s−1}(D) by applying the second part of Lemma 3 with V = V^1 ⊗ . . . ⊗ V^{s−1} ⊗ V^{s+1} ⊗ . . . ⊗ V^t and W = V^s.

Clearly, in each step we have dim N^s(D) = dim N^{s−1}(D) = dim D and | supp N^s(D) | ≤ | supp N^{s−1}(D) | ≤ | supp D |. Let N(D) = N^t(D). It remains to prove that N(D) is normal.

In order to see that we show by induction that for s ∈ {1, . . . , t} the space N^s(D) satisfies the following property:

Whenever v^1_{i1} ⊗ . . . ⊗ v^s_{is} ⊗ v^{s+1}_{is+1} ⊗ . . . ⊗ v^t_{it} ∈ N^s(D)

then v^1_{j1} ⊗ . . . ⊗ v^s_{js} ⊗ v^{s+1}_{is+1} ⊗ . . . ⊗ v^t_{it} ∈ N^s(D) for all j_l with 1 ≤ j_l ≤ i_l (l ∈ {1, . . . , s}).

For s = 1 this is trivial, by Lemma 3. Assume now that the property holds for s − 1, and that we have v^1_{i1} ⊗ . . . ⊗ v^s_{is} ⊗ v^{s+1}_{is+1} ⊗ . . . ⊗ v^t_{it} ∈ N^s(D). Next we put U_{j1,... ,js}�_{1,is+1,... ,it} = {v^s_h | h ∈ {1, . . . , k_s}, v^1_{j1} ⊗. . .⊗v^{s−1}_{js}�_1 ⊗v^s_h ⊗v^{s+1}_{is+1} ⊗. . .⊗v^t_{it} ∈ N^{s−1}(D)} for 1 ≤ j_l ≤ i_l. By the induction hypothesis we have U_{i1,... ,is}�_{1,is+1,... ,it} ⊆ U_{j1,... ,js}�_{1,is+1,... ,it} . Now, looking at the definition of N^s(D), we obtain

v^1_{j1} ⊗ . . . ⊗ v^s_{js} ⊗ v^{s+1}_{is+1} ⊗ . . . ⊗ v^t_{it} ∈ N^s(D) for 1 ≤ j_l ≤ i_l (l ∈ {1, . . . , s}). q.e.d.

Normal subspaces of V^1 ⊗ ... ⊗ V^t are closely related to (k_1, . . . , k_t)-partitions. If τ is a (k_1, k_2, . . . , k_t)-partition of r, we can associate to τ a normal subspace of V^1 ⊗ . . . ⊗ V^t by setting

D = ⟨v^1_{i1} ⊗ v^2_{i2} ⊗ . . . ⊗ v^t_{it} | i_t ≤ τ((i_1, . . . , i_{t−1}))⟩. Note that dim D = r. The fact that D is normal is a direct consequence of the definition of a (k_1, k_2, . . . , k_t)-partition.

Conversely, if D is a normal subspace of V^1 ⊗ . . . ⊗ V^t, we can define a (k_1, k_2, . . . , k_t)- partition τ of r = dim D by τ((i_1, . . . , i_{t−1})) = | {v^t_{it} | v^1_{i1} ⊗ . . . ⊗ v^t_{it} ∈ D} | . Proposition 6. Let D be a normal subspace of V^1 ⊗ ... ⊗ V^t and let τ be the associated (k_1, k_2, . . . , k_t)-partition of r = dim D. Then | supp D | = Σ_{i∈Mt} Π^{t−1}_{j=1}(d_{ij} (V^j) − d_{ij −1}(V^j))d_{τ(i)}(V^t).

Proof. We argue by induction on t. One easily checks the case t = 1 (note that M_1 = {0}). Assume that the assertion holds true for products of t − 1 codes and consider N_{t−1} = {i = (i_2, . . . , i_{t−1}) | 1 ≤ i_j ≤ k_j, 2 ≤ j ≤ t − 1}. For each s ∈ {1, . . . , k_1} let r_s = Σ_{i∈Nt}�_1 τ((s, i_2, . . . , i_{t−1})) and D_s = ⟨v^2_{i2} ⊗ . . . ⊗ v^t_{it} | i_t ≤ τ((s, i_2, . . . , i_{t−1}))⟩ = = ⟨v^2_{i2} ⊗ . . . ⊗ v^t_{it} | v^1_s ⊗ v^2_{i2} ⊗ . . . ⊗ v^t_{it} ∈ D⟩ ≤ V^2 ⊗ ... ⊗ V^t. Obviously, D_s is normal and therefore | supp D_s | = Σ_{i∈Nt}�_1 Π^{t−1}_{j=2}(d_{ij} (V^j) − d_{ij −1}(V^j))d_{τ((s,i))}(V^t) by the induction hypothesis. So we only have to prove that

| supp D | = Σ^{k1}_{s=1}(d_s(V^1) − d_{s−1}(V^1)) | supp D_s | .

But D_1 ≥ D_2 ≥ . . . ≥ D_{k1} since D is normal. Therefore, the assertion is a direct consequence of the fact that V^1 satisfies the chain condition and {v^1, . . . , v^1_{k1} } is a basis for the chain. q.e.d. As a consequence of Proposition 5 and Proposition 6 we obtain the main result Theorem 7. If each of the codes V^1, . . . , V^t satisfy the chain condition, then d_r(V^1 ⊗ . . . ⊗ V^t) = min {O(τ) | τ a (k_1, . . . , k_t)-partition of r}.

For t = 2 this contains the affirmative answer to the Wei-Yang conjecture. The methods here are completely different from the ones used by Schaathun and the main result has first been published in the preprint [7] (independently of [4]). To conclude we demonstrate the methods which we developed above.

Example 8 Let K be a field with |K| ≥ 11 and let ψ be a generator of the multiplicative group of K. Let V^i (i = 1, 2, 3) be codes generated by the following matrices respectively,

G_1 = ( 1 0 0 0 0 1 1 1 ) , G_2 =

1 0 0 0 0 0 0 0 1 ψ ψ^2 ψ^3 0 0 0 1 1 1 1 1 1 ,

G_3 =

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 ψ ψ^2 ψ^3 ψ^4 ψ^5 ψ^6 ψ^7 ψ^8 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 .

Denote by v^1, v^1_2 the rows of G_1 and by v^i_1, v^i_2, v^i_3 the rows of G_i for i = 2, 3. We fix these vectors as basis for each of the corresponding codes. All three codes satisfy the chain condition and their weight hierarchies are, respectively,

(d^1, d^1_2) = (1, 4) for V^1 (d^2_1, d^2, d^2_3) = (1, 5, 7) for V^2 (d^3_1, d^3_2, d^3) = (2, 11, 13) for V^3.

Moreover, the elements of our fixed basis generate the subspaces of a chain.

a) None of the codes V^1 ⊗ V^2, V^2 ⊗ V^3 and V^1 ⊗ V^3 satisfies the chain condition. We will prove this for V^2 ⊗ V^3; the other two cases are proved analogously. In the sequel we use the following obvious observations:

Let x ∈ V^3. If supp x ⊈ {1, 2}, then | supp x ∩ {3, 4, ..., 13} | ≥ 9 (⋆) Let y ∈ V^2. If supp x ⊈ {1}, then | supp x ∩ {2, 3, ..., 7} | ≥ 4 (⋆⋆) Recall that we can regard the elements of V^2 ⊗V^3 as 13×7-matrices. Assume that we have a chain of subspaces C_1 ≤ C_2 ≤ C_3 of dimensions 1, 2 and 3 with minimum supports. In fact, using the Wei-Yang formula, it is very easy to determine the orders of these supports, which are 2, 10, 13; but we do not use that. Note that we have C_1 = ⟨v^2_1 ⊗ v^3_1⟩. Put W = ⟨v^2_1, v^2⟩ ⊗ v^3_1 . Observe that | supp W | = 10 and that W ≤ V^2 ⊗ v^3_1 . The latter subspace is precisely the set of elements v in V^2 ⊗ V^3 such that supp π^C_i (v) ⊆ {1, 2} for any i ∈ {1, ..., 7}. If for some v ∈ C_2 and some i as before we have supp π^C_i (v) ⊈ {1, 2} then, by (⋆), there are at least 9 entries in the support of v not contained in the first two rows. This, together with the fact that v^2_1 ⊗ v^3_1 ∈ C_2 implies that | supp C_2 | ≥ 11, which is a contradiction. Therefore C_2 ≤ V^2 ⊗ v^3_1 and from this it is easy to deduce that in fact C_2 = W .

So, the support of C_3 includes at least 10 entries in the first two rows. Now, let w ∈ C_3 \W and consider π^R_j (w) for j ∈ {1, ..., 13}. If for some value of j, supp π^R_j (w) ⊈ {1} then, by (⋆⋆), | supp C_3 | ≥ 14. Otherwise C_3 = V^2 ⊗ v^3_1 and | suppC_3 | = 14. However, the subspace v^2_1 ⊗ V^3 has support of order 13. This contradiction proves that V^2 ⊗ V^3 does not satisfy the chain condition.

b) As a consequence of part a), the Wei-Yang formula can not be used to compute the weight hierarchy of the code V^1 ⊗ V^2 ⊗ V^3.

We are going to apply our results to compute the minimum support of a subspace of dimension 4 of V_1 ⊗ V_2 ⊗ V_3. To do that, first we compute the possible (2, 3, 3)-partitions τ of 4. 3 0 1 0 0 0

3 1 0 0 0 0

2 0 2 0 0 0

2 2 0 0 0 0

2 0 1 0 1 0

2 1 1 0 0 0

1 1 1 0 1 0

1 1 1 1 0 0.

Here a block consists of the values of a partition τ where M_2 is ordered as follows

(1, 1) (2, 1) (1, 2) (2, 2) (1, 3) (2, 3).

Each partition corresponds to a normal subspace of V^1 ⊗V^2 ⊗V^3. For example, the second partition of the first row corresponds to the normal subspace

A = ⟨v^1 ⊗ v^2_1 ⊗ v^3_1, v^1 ⊗ v^2_1 ⊗ v^3_2 , v^1 ⊗ v^2_1 ⊗ v^3, v^1 ⊗ v^2 ⊗ v^3_1⟩.

The support of this subspace can be computed by Proposition 6 as follows. The next table is obtained by multiplying the differences d^1 = 1, d^1_2 − d^1 = 3 with d^2_1 = 1, d^2 − d^2_1 = 4, d^2_3 − d^2 = 2, respectively. 1 3 4 12 2 6. (1)

Now, consider the table obtained from the partition by substituting each entry i by d^3_i , that is d^3 d^3_1 d^3_0 d^3_0 d^3_0 d^3_0 = 13 2 0 0 0 0 (2)

We multiply elementwise the tables (1) and (2).

table(1)table(2) =

13 6 0 0 0 0 The sum of the entries of the obtained table is | supp A |. Hence | supp A | = 13 + 6 = 19.

If we repeat this process with all the partitions, we get the orders of the supports of all the normal subspaces associated to our fixed basis.

21 19 55 44 23 25 20 40.

Therefore, d_4(V^1 ⊗ V^2 ⊗ V^3) = 19 and the minimum support is attained by the subspace A. Acknowledgment We would like to thank the anonymous referees whose suggestions led to substantial improvements of an earlier version.

REFERENCES.

[1] Barbero A. and Tena J. G., Weight Hierarchy of a Product Code. IEEE Trans. Inf. Theory vol 41, pp. 1475-1479, 1995.

[2] Cohen D. G.,Encheva S. B. and Zémor G., Antichain Codes, Des. Codes Cryptogr. 18 pp. 71-80, 1999.

[3] Helleseth T. and Kløve T., Weight Hierarchies of Some Product Codes. IEEE Trans. Inf. Theory vol 42, pp. 1029-1034, 1996.

[4] Schaathun H. G., The Weight Hierarchy of Product Codes. IEEE Trans. Inf. Theory vol 46, pp. 2648-2651, 2000.

[5] Schaathun H. G. and Willems W., A Lower Bound on the Weight Hierarchy of Product Codes. to appear Discrete Appl. Math..

[6] Wei V. K. and Yang K., On the Generalized Hamming Weights of Product Codes. IEEE Trans. Inf. Theory vol 39, pp. 1709-1713, 1993.

[7] Martínez-Pérez C. and Willems W. The Conjecture of Wei and Yang on the Weight Hierarchy of Product Codes. Preprint Nr. 13, Fakultät für Mathematik, Universität Magdeburg, Juni 2000.